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Abstract 

Thermal quantum field theories are expected to obey a relativistic 
KMS condition, which replaces both the relativistic spectrum condition 
of Wightman quantum field theory and the KMS condition characterising 
equilibrium states in quantum statistical mechanics. 

In a previous work it has been shown that the two-point function of 
the thermal P{4>)2 model satisfies the relativistic KMS condition. Here 
we extend this result to general n-point functions. In addition, we verify 
that the thermal Wightman distributions are tempered. 

1 Introduction 

For many practical purposes it may be sufficient to study thermal field theory 
in finite spatial volume, where the Hamiltonian Hhox has discrete spectrum and 
is bounded from below. The thermal expectation value of an observable O at 
temperature (3~^ is then given by value the Gibbs state assigns to O: 

(Oh - Tre-/^^... • 

However, if one wants to investigate the structural properties of the thermal 
field theory resulting from Poincare invariance of the underlying equations of 
motion, thermal equilibrium states in infinite volume have to be considered. 
Fortunately, the appropriate generalisation of ([T]) to infinite volume is well- 
known: in finite volume the Gibbs states are characterised by their analyticity 
properties. The latter are summarised in the KMS condition (see [5], or (|56p 
below). Haag, Hugenholtz and Winnink have shown that this characterisation 
remains valid in the thermodynamic limit j21j . In fact, in infinite volume one 
can derive the KMS condition from first principles, which characterise thermal 
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equilibrium states phenomenologically. For example, one can derive the KMS 
condition from passivity |39) or stability under small adiabatic perturbations of 
the dynamics 

Analyticity properties of the correlation functions were previously used by 
Wightman to characterise the vacuum state of a relativistic quantum field the- 
ory |46| . The intention was to guarantee stability of the vacuum, and indeed 
the requested analyticity properties of the correlation functions ensure that the 
energy is bounded from below. But soon it turned out that also most peculiar 
structural properties (e.g., the Reeh-Schlieder property [41] ) follow from the an- 
alyticity properties of the correlation functions. These properties, first rejected 
as mathematical artifacts resulting from over-idealisation, are nowadays con- 
sidered to be characteristic for any proper quantum field theory. Experiments 
testing these properties have yet to be devised, but similar phenomena related 
to entanglement in quantum mechanics are intensely investigated. 

Although vacuum states and thermal equilibrium states are both charac- 
terised by analyticity properties of the correlations functions, there is a pro- 
nounced difference between them: a state in thermal equilibrium cannot be 
invariant under Lorentz boosts |35] [38] , even if the equations of motion are in- 
variant under Poincare transformations and the propagation speed of signals is 
finite. Hitherto the correlation functions of a thermal state were required to be 
analytic only with respect to the time-direction distinguished by the rest-frame 
of the equilibrium state. Consequently, algebraic quantum statistical mechanics 
remained separated from algebraic quantum field theory, as structural results, 
which are similar to the ones derived from the spectrum condition of Wightman 
field theory, cannot be derived from the traditional KMS condition alone. 

The picture changed fundamentally, when Bros and Buchholz [6] (see also 
H [32] 133]) recognised that the passivity properties of an equilibrium state should 
be visible even to an observer, who is moving with respect to the rest frame 
distinguished by the KMS state. Carefully evaluating the consequences, Bros 
and Buchholz suggested that thermal equilibrium states of a relativistic system 
can be continued analytically into the tube domain K'^ — j {V^ D {/3e — V^)), 
d = 2,3, . . ., where /? plays the role of the reciprocal temperature of the system, 
e is the unit vector in the time direction distinguished by the rest-frame and 
y+ := {{t,x) I |x| < t} denotes the (open) forward light-cone. The consequences 
of the new relativistic KMS condition are profound, aligning thermal field theory 
and vacuum field theory w.r.t. basic, structural aspects [25] [ 26 ] . 

The relativistic KMS condition has been established (see [6]) for a large class 
of KMS states constructed by Buchholz and Junglas [TU]. Moreover, C. Gerard 
and the first author have shown that the relativistic KMS condition holds for 
the two-point function of the P{(l>)2 model [IB]- The present work extends the 
latter result to general n-point functions. 

Content In Section [2| we recall the Euclidean field theory on the cylinder. 
Using Minlos' theorem, we define Gaussian measures on a space of distribu- 
tions, supported on a cylinder. Following Glimm and Jaffe, we renormalise 
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the interaction ('Theorem 12. ip . by normal ordering the random variables. This 
allows us to define the Euclidean P{4>)2 model on the cylinder with a spatial 
cut-off I S M"*" (see also [H]). The corresponding probability measure d/zj is 
absolutely continuous with respect to the Gaussian measure. Nelson symmetry 
(see Theorem [53] (ii)) can be used to remove the spatial cut-off: the Schwinger 
functions of the thermal P{ip) 2-Tnodel on the two-dimensional Minkowski space 
at temperature /3~^ exist and are equal to the Schwinger functions of the vac- 
uum P((^)2-model on the Einstein universe of spatial circumference /3 (up to 
interchanging the interpretation of the Euclidean variables (a,x) G Sp x R). 

The Osterwalder-Schrader reconstructions, presented in Subsection [231 Pro- 
vide 

(i) a thermal field theory on Minkowski space R^+^, consisting of 

— a Hilbert space Hp, together with a distinguished vector fi^ e Hi3, 

— a von Neumann algebra TZp C B{T-Lp), together with an abelian sub- 
algebra, generated by the bounded functions of the time-zero fields, 

— a one-parameter group of time-translation automorphisms {rt_o | t G 
M} induced by unitary operators e**^, with spectrum of L equal to 

M; 

(ii) a vacuum theory on the Einstein universe (a cylinder, with the position 
variable taking values on the circle Sp and the time variable real valued), 
consisting of 

— a Hilbert space 'He, together with a distinguished vector fic G "He, 

— a von Neumann algebra TZc C B{l-Lc), together with an abelian sub- 
algebra, generated by the bounded functions of the time-zero fields, 

— a one-parameter group of time-translation automorphisms {tq ^ | s € 
M} induced by unitary operators e**^"^ , with He > 0. 

In Subsection 12.41 Wightman field theory on the circle is discussed in some 
more detail. We identify He with the Fock space r(iJ~2 (S*^)) over the Sobolev 
space H^^{Sf3) on the circle Sp, and recall the Glimm-Jaffe 0-bounds. Accord- 
ing to Theorem \2.6\ due to Heifets and Osipov, the joint spectrum of Pc and 
He is contained in the forward light cone QJ+ := {{p,E) \ \p\ < E}. Conse- 
quently (Theorem l2.8p the Fourier transform of the Wightman n-point function 
(expressed in relative variables) has support in (1/+)""-'^ and the Wightman n- 
point-distribution 22j[? itself is the boundary value of a polynomially bounded 
function Wp"^^"*, which is analytic in the forward tube (5*^ x M — iF"*")""^. 

Lemma 12.91 characterises a set of space-time points in Sp x R, which are 
mutually space-like to each other. Locality implies that the Wightman n-point 
functions are real valued, if evaluated at these points. Thus, using Schwarz's 
reflection principle, we can extend the Wightman n-point functions on the circle 
to functions, which (expressed in relative variables) are holomorphic in 

X>(»-i) (AiVa x . . . x A„_iV» + i {V+ UV') x . . . x {V+ U V-) , (2) 
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where Vp := {{a,s) \ \s\ < a < f3 - |s|}, > and J2"=i = 1- The 
Edge-of-the- Wedge theorem [46l Theorem 2-16] [8] imphes that the tempered 
distributions 2n[? are the boundary values of functions holomorphic in 

U Pt"-!), (3) 

where is a complex neighbourhood of AiV^ x . . . x Xn^iVp (Theorem I2.10p . 

In Section 3 we return to the thermal P{(j))2 model on the two dimensional 
Minkowski space. Invoking Nelson symmetry implies that the thermal 
Wightman distributions W^" can a priori be defined (as analytic functions) 
in the domain 

(Q- U - t {X.Vp X ... X X,,^,Vp) , 

where the right and left space-like wedges are ~ {{tj^) € I is; > 
and, as before, Ai > and J2i=i Xi — I. The strong disk theorem (Theorem 
IA.1[) is used to extend the functions W^" to functions holomorphic in the 
product of domains 

Tl-l 

(AiT^j) X ••• X (A„_ir^), rp:=R^-iVp, ^ A, = 1, 

i=i 

and Xj > 0, j = 1, . . . , n — 1 (Theorem [OJ. The final two subsections deal with 
the boundary values of these functions. 

The existence of products of thermal sharp-time fields is shown in Lemma[321 
Taking advantage of their Euclidean heritage, their domain properties are sum- 
marised in Proposition 13.31 A generalisation of Ruelle's Holder inequality for 
Gibbs states, suggested by J. Frohlich in [12], is presented in Theorem 13.41 
A fractional 0-bound, established in Proposition 13.51 provides a key ingredi- 
ent in the proof of the final result fThcorcm 13. 8p . which establishes that the 
thermal Wightman functions of the P{(p)2 model on the real line are tempered 
distributions arising as the boundary values of analytic functions satisfying the 
relativistic KMS condition. 

2 Euclidean fields on the cylinder 

In 1974 H0egh-Krohn [M] discovered that the Euclidean field theory on the 
cylinder allows to reconstruct two distinct quantum field theories. In this section 
we recall the main steps of the two reconstructions |14[ 1151 , leading to a vacuum 
theory on the Einstein universe (a cylinder, with the position variable taking 
values on a circle and the time variable real valued) and a thermal theory on 
1 -f 1-dimensional Minkowski space. 
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2.1 Probability measures on the cylinder 

Consider a cylinder Sfj x R, with Sp the circle of circumference /3. The coordi- 
nates (a, x) G X M. oi a. point in the cylinder will refer to either one of the 
charts [-/3/2,/3/2) x M or [0,/3) x M. 

Let iS(R) denote the set of Schwartz functions on the real line. For consis- 
tency we denote the set of C°°-functions on the circle Sp by S{Si3). The Frechet 
space S{Sj3 x M) is the space of smooth functions / on the cylinder, which are 
/3-periodic in a and fulfil 

\{i + \x\)-'d^^d2f{a,x)\<Cp,^, pen, jeN. 

S'{R), S'{Sp) and S'{Sp x M) denote the dual spaces of 5(R), S{Sp) and 
S{Sp X M). The real- linear subspaces of real valued distributions are indicated 
by S^{S^) and Q := S^{Sf^ x R). The Borcl cr-algebra E on Q is 

the minimal cr-algebra containing all open sets in the cr (5', 5)-topology. The 
evaluation map 0(/), / G 5m (5'^ x R), 

0(/):Q^R, q^iqj), 

is defined in terms of the duality bracket (•,•)• I'^ ^he present context </> is 
called the Euclidean quantum field. 

If d/i is a probability measure on the space (Q, S), then its Fourier transform 

E{f) = / e^^(«d/i, / e Sr{Sp X R), 

satisfies 

(i) E{0) = 1, 

(ii) Sr{Si3 xR) 3 f ^ E{f ) e C is continuous, 

(iii) for all /j, G 5r(S'/3 x R) and z;, e C, i, j = 1, . . . , n, 

^ z^ZjEif, - fj) > 0. 

On the converse, Minlos' theorem [H] [IZ] [31] IH] states that any function E on 
'5r(S'^ X R) satisfying the properties (i)-(iii) is the Fourier transform of a prob- 
ability measure d/z on Q. 

Generating functionals of the form 

Eoif) = e-^(^'^)/2^ / e Sr{Sp X R), (4) 

with C( . , . ) a weakly continuous positive semi-definite quadratic form, clearly 
satisfy the conditions (i)-(iii) of Minlos' theorem and thus give rise to proba- 
bility measures on These measures are called Gaussian measures. The 
Gaussian measure on Q, with covariance 

C{h,h):^{fi,{Dl + Dl + m'r'f2), /i, e x M), (5) 



5 



is denoted by d4>c- The scalar product ( . , . ) in (O refers to L'^{Sp x R) and 
Da = —ida, Dx = —idx- The Euchdean quantum field (j) on the cylinder is 
called free, if is viewed as a measurable function on the probability space 
(Q,S,d0c). 

In this work we are interested in non-Gaussian measures (see Theorem 12.31 
below). They formally result from adding a polynomial of the form P{(j)), where 
P(A), A G M, is a polynomial which is bounded from below, to the Hamiltonian 
of the free massive boson field. 

In two dimensions, the singularities, which arise from taking powers of the 
Euclidean field (/) at a point (a, x) € S'^ x R, can be removed by first normal 
ordering :.:c (see [T71I3S]) the monomials 0(/)", n G N, 

^'^(/)"- E u V '^(/)""'"H-o^(/'/)) (6) 

^ — ' miln — Zm)\ \ 2 / 

with respect to a covariance c, and then taking appropriate limits. [ . ] denotes 
taking the integer part. We will normal order with respect to different covari- 
ances c, some of them being limiting cases of the covariance C defined in ([5]) . 

Normal-ordering of point-like fields is ill-defined (i.e., one cannot replace the 
test function / e 5r(5'/3 x M) in ([S]) by a two dimensional Dirac 5- function) , but 
integrals over normal-ordered point-like fields can be defined rigorously: set, 
for /fc e N and K e R+, 

5k{a) e""" and 5,{x) := nx{nx), 

\n\<k 

where Vn = 2?™//?, ti G N, and x is an arbitrary, absolutely integrable function 
in C^(R) with J x(a;) Ax — 1. With these notations we have the following result 
due to Glimm and Jaffe: 

Theorem 2.1 (Ultraviolet renormalisation [15] [IT])- For f e L^iSp x M) n 
L'^{Sfj X M), the following limit exists in p| U'[Q,Yi,<l(j>c)- 

l<p<oo 

lim / /(q;,x) :0(4(. - a) (g) (5k(. - a;))":c dadx. (7) 
We denote it by Jg^^^f{a,x) :(j>{a,x)"' :c dadx. 

Remark This key theorem, which follows from exactly the same arguments 
as in the vacuum case analyzed by Glimm and Jaffe [T7], establishes a crucial 
step forward in the construction of the P{(t>)2 model in finite volume, as it takes 
care (see Eq. ([5]) below) of the ultraviolet renormalisation. 

Let P{X) ~ CjX^ be a real valued polynomial, which is bounded from 
below. Replacing the function / in ([7]) by the characteristic function of the set 
Sfs X [—1, 1], I g R+, and applying [JS] Lemma V.5], we deduce that 

^-I%%lLr-Pi4>i^,^)y-cdadx ^-^i^Q^^^^^^^ if 0</<oo. (8) 
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The Euclidean P{(f>)2 model on the cyUnder with a spatial cut-off I G R"*" is 
specified by setting 

d^, := - c- ^^(*("^-))^- ^'^^^dq^c. (9) 

Zi 

The partition function Zi is chosen such that Jgd-fii = 1. If Z < cx), then the 
measure d/i; is absohitely continuous with respect to the Gaussian measure d(j}c, 
with Radon- Nikodym derivative d/ij/d^c given by ([5]). However, the hmit of 
the functions in ([8]) fails to be in ^^(Q, E, d^c) as / oo, and therefore the 
formal limiting measure can not be absolutely continuous with respect to the 
Gaussian measure. In fact, in order to show that a countably additive Borel 
measure exists in the limit / — > oo, it is sufhcient to show (see Theorem 12.31 
below) that 

lim / e'^^^M^i =: Ep{f), f e 5(5^ x R), (10) 

defines a generating functional on S^{Sfj x R) satisfying the properties (i)~(iii) 
of Minlos' theorem. 



2.2 Sharp-time Fields, Existence of the Euchdean Mea- 
sure in the Thermodynamic Limit and Nelson Sym- 
metry 

Cluster expansions (see e.g. [17]) certainly allow one to control the limit in 
(fTO|). But for the thermal P{<t>)2 model, in which we are interested, there is 
another option, which was first explored in this context by H0egh-Krohn [24] : 
Nelson symmetry. It results from replacing the product measure dada; in the 
exponent in ([9]) by iterated integrals with respect to the two measures da and 
dx, in different orders. The delicate point, which will now be addressed in some 
more detail, is that one of the limits in ([7]) can be interchanged with one of the 
integrations. 

In [T3] it has been shown that 

(i) for hi, h2 e 5r(R) and < 0:1,02 < l3, 

limfc^fc/^00 C{Sk{. - oi) ® hi,Sk'{. - 02) ® ^2) 

-(^.. °-'-i:;K^r-°"" ^'),,.,„- <") 

with e (1)2 +m2)^; 

(ii) for gi,g2 € 5r(S'^) and xi,X2 G R, 

lim C(gi<SiS^{.-xi),g2'S)6K'{.- X2)) = (gi, 
with ly := (Dl + m'^)K 



-\x1-x2\i' 

-92 



2v J L^[SpAa) 

(12) 
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Thus, for h G 5r(R), g € 5r(S'/3) and a £ Sp, x & R fixed, the sequences of 
functions 



{0(4(. and {<l>{g (E> S,{. - x))} ^ 



are Cauchy sequences in ni<p<oo ^^iQ^ d0c)- This can be derived from the 
definition of the generating Gaussian functional, as Q implies 

g '^(/)'d<^^ -{I- 1).. df, !rl\ p evtn, (1^) 
with 7i!! = n(n — 2)(n — 4) • • • 1. We can therefore define sharp-time fields 

(f){a,h) -.^ lim 0((5fe(. - a) ig) ft,), 4>{g,x) := lim 0(g ® - a;)) . (14) 

fe— >-00 K->00 

We note that both (j)[a, h) and (j){g,x) belong to ni<p<oo ^^iQ' ^jd^c)- 
Lemma 2.2 (Integrals over sharp-time fields |15)). 
(i) For h e L^(R) n ^^(R) and a G [0, 27r) i/ie Zimii 

lim h{x) -.(jiiaj^i.- x))" -.Co fix (15) 

ea;zs<s m LP{Q,T,,d(j)c)- Denote it by J^h{x) ■.(t){a,x)" -.Co da;. 

Normal ordering in /115\} is with respect to the temperature /3~^ covariance 
on R; for /ii,/i2 € S(R) 

Co(fti,/i2):= 5It'^2 • (16) 

V 2e(l - e^P^) J L^(R,dx) 

(a) For g e L^{Sp) n L'^iSp) and x £R the limit 

hm / 5(a) :0(Jfc(.-a),x)":c, da (17) 

ea;jsts m ni<p<oo ^^(Q' '^'^C')- Denoted it by Jg^g{a) :(/)(a, a:)" da. 
Normal ordering in |_?7| ) is w.r.t i/ie covariance 

C/3 (51, 52) := (51,77-52)^,^^ ^ , 51,52 G 5(5/3). (18) 

Returning to the integral in ([7]), we let / be the characteristic function on 
3/3 X [— Z, I]. This enables us to rewrite ([7]) as lim^.K-foo F{k, k), where 

nk,^)=Y: u tr / <^(4(--«)®^.(--x))"dadx, 

^0 m!(n-2m)! 7s,x[-i,;] 
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and S). l{a,x) :— Sk{a) ® Sk.{x). Interchanging integrals and limits is permitted 
by the existence of the limits in ([7]), (|15|) and (fTT]) . Performing the two limits 
in different orders results in 

hm F{k,K)= hm j j ^U5,{.-x)rdxda 

ft,™ ^ ' ra\{n-2m)\ JsJ[-iM ^ 

and 

hm Fik,n)= hm 'g' itl^^I^lM!^ / / x)" da dx. 

Note that in the latter expression normal ordering is done w.r.t. the covari- 
ance C^, whilst in the former normal ordering is done with respect to the tem- 
perature /?~^ covariance Cq on R. 

Now let U{a,x), with a G [0, 27r) and x e K, denote the unitary operators 
implementing the rotations and translations on the cylinder in L^{Q, S, d/i) (for 
further details see next section). It follows that the L^-function ^ equals 

(19) 

A proof of this identity can be found in [HI Lemma 5.3]. The analog of (|19p 
in the case /3 = oo is known as Nelson symmetry (see e.g. |45j). Interpreting x 
in (jl9p as the imaginary time one notices that d/x = lim;_j.oo d/x; is the Euclidean 
measure of the vacuum P{(j))2 model on the circle. This argument can be made 
rigorous (see jl51 Theorem 7.2], [24j ) by exploiting various properties of a time 
dependent heat equation (see I15J Appendix A]). 

Theorem 2.3. Consider sharp-time fields as defined in |j^[ ), and integrals 
over normal ordered products as defined in il5]} and |j7| j. 

(i) (Thermodynamic limit of Euclidean measures). For f e C^{Sp x R) 
E^if)^ hnr 1 /e^^(/)e--^-^(°'^K/-T/.^^(*("^«))-.do)d.^^^^ 

i-J- + 00 Zl Jq 

(20) 

(a) (Nelson symmetry). For f G C^iSp x R) 

Ep{f)^ lim 1 / eW)e"^-%^("'°^(^-'^^('^(°'"»^^«''")''"d0c • 

l^+oo Zl Jq 

(21) 

The map f i— > Ep(f) is continuous in some Schwartz semi-norm and thus 
extends to S{Sp xR) \15[ Theorem 7.2 (ii)]. It satisfies the conditions of Minlos' 
theorem and thus defines a probability measure d/i. 
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Remark This result solves the infrared problem for the thermal field theory 
under consideration. As mentioned before, we could have used cluster expan- 
sions to resolve this problem. However, Nelson symmetry will play a key role in 
the sequel, enabling us to transfer results between the two models it connects. 

Before we continue, we recall two results, which refer to the L^'-spaces for 
the interacting measure d/i: 

Lemma 2.4. |T51 Propositions 7.3 and 7.5] 

(i) (Sharp-time fields are in L^{Q, I],d/i)). Let h G 5]r(]R) and a Cz Sp. Then 
the sequence 4){^5k{- — ct)®h^ is Cauchyinf^^^^^^LP{Q,'E,,dfi) and hence 

0(a, h) lim (j>{Sk{ . - a) ® h) e C] LP{Q, S, d^). 

l<p<oo 

Moreover, the map 

sp ^ ni<p<ooinQ,s,dM) 

a I— )■ 0(Q!, h) 

is continuous for h £ 5]r(R) fixed. 

(a) (Convergence of sharp-time Schwinger functions. Part I). Let hi G C^(R) 
and ai € Sp, 1 < i < n. Then 




In Section [nH] we will show that products of Euclidean sharp-time fields are 
as well elements of ni<p<oo ^^(Q^ E,d/i). This will allow us to extend results 
of Frohlich [T^ , Frohlich and Birke [T] , and Klein and Landau '3D' concerning 
the reconstruction of thermal Green's functions. 

2.3 The Osterwalder-Schrader Reconstruction 

The cylinder 5^ x M is invariant under rotations and translations 

i(^^^yy.{a,x) 1-^ {a + 'y,x + y), 7e[0,27r), y E R, 

as well as the reflections r.{a,x) i~> {—a,x) and c':(a,x) i— ?> (a, — x). The 
pull-backs 

(tl^^^'/)(«,x) := / (t^4)(a,x)) = /(a --f,x- y) 

acting on the testfunctions / G S{S[j x R), induce actions on the tempered 
distributions q G Q: 

(%,)9)(/):-('Z,tt"^""'/>, {rq){f):^{q,uf), and (r'q)(/) (q, </>. 
Lifting these maps to measurable functions of distribution one finds that 
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(i) the map U{'j,y)F{q) := F {t ^^^^ ^-^q) , q € Q, defines a two-parameter group 
of measure-preserving ^-automorphisms of L°°{Q, E, d/x), strongly contin- 
uous in measure, and to a strongly continuous two-parameter group of 
isometries oi U'{Q,Yj, d/u) for 1 < p < oo; 

(ii) the maps RF{q) := F{rq) and R'F{q) := F{r'q) extend to two measure 
preserving *-automorphisms of L°°{Q, S, d/i) and to isometries oiLP{Q, E, d/u) 
for 1 < p < oo. 

Since d/x is translation and rotation invariant, U{-y,y) is unitary on the Hilbert 
space L'^iQ, E, d/x) for 7 e [0, /3) and y e M. 

Notation. For < 7 < /? (resp. < y < 00) we denote by E[o,-y] (resp. eI^'^I) the 
sub cr-algebra of the Borel cr-algebra E generated by the functions e"^^-''^ with 
supp/ C [0,7] X M (resp. supp/ C x [0,y]). 

Next define two scalar products: 

VF, G e L^iQ, E[o,/3/2], d/.) : (F, G) := / ii(F)G d/., 

Jq 

and 

VF, G e L'^iQ, E[°'°°) , d/i) : (F, G)' := / i?'(F)G d/x. 

The measure d/x is Osterw alder- Schrader positive with respect to both reflec- 
tions R and R': 

VFei:2(0,E[o,^/2],dM) : (F,F)>0 

and 

VG e l2(0, e[0'°°), d/x) : (G, G)' > 0. 

Let A/" C L'^iQ, E[o,^/2], d/u) be the kernel of the positive quadratic form ( . , . ) 
and M' C L^{Q,'S^^'°°\dfi) the kernel of the positive quadratic form (. , .)'. 
Set 

Hp := L^Q,^o,0/2],d^^)/^^ and He := ^^(g, EP.-'), d/i)/AA'. 

The completions of the pre-Hilbert spaces are taken w.r.t. the norms (., .)i 
and (., .y^, respectively. The canonical projection from L^((5, E[o,^/2], d/i) 
to 'H/3 and from L'^{Q, E[°'°°\ d/i) to He are denoted by V and V, respectively. 
The distinguished vectors 

fi^:=V(l), fic:=V'(l), 

arise as the image of 1, the constant function equal to 1 on Q. 
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The abelian algebra 

(i) L°°((5, Sjoj., d/x) preserves L^((5, E[o^^/2] J d/i) and A/". Thus a representa- 
tion TTp of L°°{Q, S{o}, d/i) on the Hilbert spaces "H^ is given by 

7T0iA)ViF):^ViAF), F ^ L^Q.llyo^p/^^Ai^). A e L°°(Q, E^o}, d^i); 

(ii) L°°(Q,S{°>,d/i) preserves L'^{Q,Y}-^^°°\A^j) and A/"'. Thus one obtains a 
representation ttc of S^°^, d/i) on He, specified by 

nc{B)V{G):^V{BG), G e L^{QM°'°"\d^l), G L°°(Q, d/z). 

The corresponding von Neumann algebras can be interpreted as the algebras 
generated by bounded functions of the thermal time-zero fields on the real line 
and the vacuum time-zero fields on the circle, respectively. 

The reconstruction of the dynamics requires a more pronounced distinction 
of the two cases under consideration, which in the thermal case relies on a 
remarkable result on local symmetric semi-groups by Frohlich |13) and, inde- 
pendently, Klein and Landau |31| : 

(i) The semigroup {U{a,Oy\a>o does not preserve L^((5, 1][o,;3/2] , d/i). But 
setting, for < 7 < ^/2, 

V^:^VM^, with A^^ L2((5, E[o,^/2_^], d/t), 

one can define, for < a < 7, a linear operator P{a):'D^ — > H/s with 
domain Vj by setting 

P(a)VV' := VU{a, 0)iP, V e My. 

The triple {P{a), Va, /?/2) forms a local symmetric semigroup (see [13] |31)): 

(a) for each a, < a < (3/2, Va is a linear subset of Hp such that 
Pa D if < a < 7 < 13/2, and 

V:= y 

0<a</3/2 

is dense in ^^^3; 

(b) for each a, < a < (3/2, P{a) is a linear operator on Tip with 
domain 'Dq,; 

(c) P(0) = 1, P{a)Vy C P^-a for < a < 7 < P/2, and 

P{a)P{j) = P{a + j) 
on Va+'y for a, 7, Of -I- 7 e [0, 13/2]; 
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(d) P{a) is symmetric, i.e., 

(*,P(a)*') = (^'(a)*':*), 0<a</3/2, 

for all e Va and < a < /3/2; 

(e) -P(a) is weakly continuous, i.e., if 4' e V^, < 7 < (3/2, then 

is a continuous function of a for < a < 7. 

By the results cited [13] [SI] there exists a selfadjoint operator L on Hp 
such that for < a < 7 

V{U{a, 0)F) = c-"^V(F), F G L^Q, S[o,^/2-^], d/x). 

The selfadjoint operator L is said to be associated to the local symmetric 
semigroup (P(a), /3/2). 

Lemma 2.5. 2?-y is dense in Hp for < 7 < (3/2. 
Proof. Assume that 

(^',$) = V$eX>^. (22) 
Now consider, for /ii, /12 G 2?r(K) fixed, the analytic function 

{•^,e"l'^^''''>e-'^e"l'^^'''^i}p), {z e C | < 3?z < /3/2}. (23) 

Clearly, e^'^'^C'i^e-^^-^e^'^'^C'^^rj^ e for < 5Rz < 7 and consequently, 
because of (|22p . the analytic function ((23)) vanishes on an open line seg- 
ment in the interior of its domain, and is therefore identical zero. It follows 
that 

(^^,^Q^4>(,{hl)^-'^L^^<l>f<{h,)^^■^ ^ Q v/ii,/i2 e 2?r(M). (24) 

The set {e'M''^)e-^^e''l'^^''^'>np \ hi,h2 € X'r(M)} is dense in Hp [301 
Theorem 11.2], and therefore ([M]) implies = 0. In other words, is 
dense in Hp. □ 

(ii) The semi-group C/(0,x), a; > 0, preserves the half-space L^{Q, Sf°'°°\d^) 
as U{0, x) maps L'^{Q, S[o^oo), d^) into itself. Following [29] one can there- 
fore define a selfadjoint positive operator He on He such that for G G 
i^(Q, S[o,oo),d/i) 

V'(C/(0, a;)G) = e""^^ V'(G), x > 0. (25) 

The operators e"^^"^ , x > 0, form a strongly continuous semigroup of 
contractions on He- 
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The next step in the reconstruction program is to define non-abehan von 
Neumann algebras TZp C B{'H.p) and TZc C B{'Hc), generated by the operators 

and 

respectively. Clearly Tt.o and Tq ^ extend to *-automorphisms of TZ/3 and TZc, 
respectively. 

The algebra TZj^ C B{Hi3) has a cyclic and separating vector, namely ftp. 
The time-translation invariant state up (a normalised positive linear functional) 
on TZp defined by 

ujp^a) -.^ {np^ailp), aeTZp, 

is invariant under the spatial translations induced by i{o.y}, y G M. Furthermore, 
it satisfies the KMS condition ^30J: the functions 

Fhu...,hr. {h - <2, . . . , - t„) iflp , (e'-^'^C^i)) . . . rt„ (e"^^(''"))fl^) 
extend to analytic functions in the domain 

{(0i,...,z„_i) eC"-i |3zfe<0, -/3<Efe=i'Szfe} 

and satisfy the KMS boundary condition: for each 1 <k < n 

Fhi,...,h„{tl — t2, ■ ■ ■ , tk-2 — tk-l,tk-l — tk — iP, tk — tk+l, ■ ■ ■ , tn-1 — t-n) 
= Fhk,...,h,^,hi....,hk-i {tk — tk+1, ■ ■ • , tn-1 — tn, tn — ti , ti — t2, ■ ■ ■ , tk-2 — tk-l) 

(26) 

for alHi , . . . , t„ e M and hi, . . . ,hn £ C^. 

The algebra TZc C B{7ic') has a cyclic vector, namely ftc- The state ojc 
on TZc, 

ujc{a) -.^ {D,c,aClc), aeTZc, 

is invariant under the rotations induced by t(-y,o)i 7 S [0, 27r), and satisfies the 
spectrum condition (see Theorem l2.6l below). which characterises vacuum states. 
Since uic is the unique vacuum state (see below), the commutant TZq of TZc 
equals C • 1 and therefore TZc = B{Hc)- 

2.4 The Wightman functions on the Einstein universe 

The Hilbcrt space Tic reconstructed in the previous section is unitarily equiv- 
alent to the Fock space r(i/^2 (5^)) over the Sobolev space iJ~2 (S"^) of order 
— ^ on Sjj, equipped with the norm 

||.9|P=(5,(2^)-i5)^.(5„d„)' u^iDl+m^y. 
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To ease the notation we simply identify corresponding operators and vectors. 
For g S Sk{Si3) the Segal field operator on "He, given by 

0c (.9) -iAv'(e^'^(0'^s)) , 
as s=o 

is thereby identified with the Fock space field operator 

0c(.9) = ^{a*{u'^'^g) + a{v-^/^g))- , (27) 
built up from bosonic creation and annihilation operators a* (/) and a(/) (see 

go]). 

The (angular) momentum operator Pc dr(_Dct) on the circle 5^ has 
discrete spectrum. Define 

V := [ :P(0c(a)) :c, da. 

The operator sum 

AT{v) + V-Ec 

is essentially selfadjoint on its natural domain I?(dr(i/)) n T>{V) and bounded 
from below. Its closure equals the Hamiltonian He of the P{<t>)2 model on the 
circle Sp, which has been (re-)constructed in the previous section (see ((25|) ). 
The additive constant Ec is chosen such that zero is the lowest eigenvalue, 
i.e., inf a{Hc) = 0. This eigenvalue is non-degenerated, and the corresponding 
eigenvector ilc can be chosen such that {ilc,^°) > 0. Here il° denotes the 
Fock vacuum vector in r(iJ~ 2 (5*^)) . 

Moreover, the Glimm-Jaffe 0-bounds (see e.g. [H] [E] [20] , the exact variant 
we use can be found in 15, Proposition 5.4]) hold: for c » 1 and some C e IR+, 

±^c{g)<C\\g\\^_i^^jHc + cy/' WgeH-i{Sp), (28) 

and 

±^cig)<C\\g\\H-^iS,)iHc + c) ygeH-'iSp). (29) 

The following remarkable result is due to Heifets & Osipov |23) . 

Theorem 2.6 (Spectrum Condition |23|). The joint spectrum of Pc and He is 

purely discrete and contained in the forward light cone QJ+ :— {{p, E) \ \p\ < E}. 

The unitary operators Uc{o:,s) G Bijic) given by 

Uc{a,s) := e*(^-f^c-"Pc)^ ^ ^ [o,27r), s € R, (30) 

implement the two parameter group of automorphisms ^ of TZc on the Hilbert 
space He- Let gi G S{S/3) and set 

<Pc{g^,s,) ■.^e''^"<^<|>c{g^)e-'''"^, i = l,...,n. 
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By Stone's theorem, the map s i— ^ Uc{0,s) is strongly contmuous. Together 
with the bound ((28|) this imphes that 

Wc^(5l>Sl, . . . ,5n,Sn) := {^lc,4'cigi,Sl) ■ ■ ■ 4'c{gn,Sn)^c) 

exists and is a separately continuous multi-linear functional of the arguments 
{gi, Si), i = 1, . . . , n, as they vary over S{Sp) x K. It follows from the nuclear 
theorem |46] that this functional can be uniquely represented as a tempered 
distribution of the n vectors (a^, Si) G 5^ x M. Denote the corresponding distri- 
bution by 

W^''(ai,si, . . . ,a„,s„) = {p.c,4ic{ai,si) ■ ■ ■ (j)c{an,Sn)^c)- (31) 

Translation invariance implies that Wp depends only on the relative coordinates 

6 = ("i - ai+i,Si - Si+i), i = 1, . . . , n - 1, 

or more precisely, that there exists a tempered distribution 2n[^' such that 

2IT[?"^^ (^1, ^2, • ■ • , Cn-i) = w[?^(ai. Si, a2, S2, . . . , a„, s„). (32) 

We interpret 211^' as a periodic generalised function, and so its continuous 
Fourier transform is a tempered distribution, which can be identified with its 
discrete Fourier transform. 

Lemma 2.7. Let 2Ij[? denote the Fourier transform ofw'^^ ^\ Then 

w'^^''\{pi,E,),{p2,E2),...,{Pn-i,E,,_,)) ^0, (33) 
if {pi,Ei) ^ Sp(Pc, He) for some i = 1, . . . , n - 1. 
Proof. The Fourier transform of 211^ is 

^[?-''((pi,L;i),(P2,i?2),...,(p„-i,i?„-i)) = 

= / dCi • • • de„^i e'^5:;r/fc,£;,).«, . . , e._i) , 

where 

2U[?""^^(ai - a2,si - S2, • • ■ - a„,s„„i - s„) = 

= (l]c,</'c(ai)e'(^^-^i)^^ •••0c(a„-i)e'(^"-^""i)^^0c(«n)f^c) ■ 

Next insert, as suggested in [46], a basis of common eigenfunctions VPe^fc of the 
operators Pc,Hc- for all $ S He the unitary operators C/c(a, s) defined in 
(|5n|) can be expressed as 

C/c(a,s)$= ^ e^(^^-"'=) (M'fe,„$)ffe,,. 
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Now consider, for $, <J>' G T-Lc fixed, the map 

{E,p) ^ Jo'^da /jjds e-*('^"-P")($',t/(a,s)$) 

X da e*(f-^>(^'fc,„ $)($', ^k,e) 

The sum on the r.h.s. vanishes, if {p, E) ^ Sp(Pc, ^c)- This imphes unless 
each {pi,Ei) lies in the forward light cone. □ 

Theorem 2.8. For each n>l, 2U[^~^'' /las support in (2J+)"^^. Moreover, 

2U[? zs i/ie boundary value of a polynomially hounded function W^" ana- 
/yfic m the forward tube {Sp xR-iV^+)"~^, w/iere V+ e | < t}. 

Proof. The support property of 20^ was established in Lemma [2771 By the 
Bros-Epstein-Glaser Lemma [101 Theorem IX. 15] there exists a polynomial P 
and a polynomially bounded function G*^"^"'^-' : M^'-"^^-' — > C obeying 



suppG("-i) C (5J+ )("-!), 

such that Wq'^^'^ = P{D)G^^^^^\ with _D a partial differential operator. Con- 
sequently an analytic continuation W^" of 2Il[? to (S*^ x M — can 
be defined: 

w|"~^^(Ci - ir]i, ■ . . ,6^-1 - iVn-i) = 

= (2^/?)-("-i)p(-i(a - iryi, • • • , 6.-1 - "7«-i)) x 
X /(5,x«)"- n;=i dp, d£;, e-'(«^-''^)-fe^^^) X 

xG("-i)((pi,i;i),...,(p„_i,£;„_i)). 



If J7j G for all J G {l,...,n — 1}, this integral exists. Furthermore, its 

4"- 



boundary value for (771, ... , jyn-i) \ is 2n[? ^\ Polynomial boundedness of 



the analytic function W^" results from the following inequality [40l Theorem 
IX.16]: 

y^+^^\Cl - ■ • • ,Cn-l - «?7n-l) 

<G |PH(Ci-zr/i,...,e„-i-z?7„-i))| (l + d((77i,...,77„_i))-^). 

G is a constant, ^((771, . . . , 77,1-1)) is the distance of {r]i, . . . , rjn-i) to 
and TV is a positive integer. 

Next we investigate the consequences of locality on the circle Sp = [0, 27r). 
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Lemma 2.9. The tempered distributions (ai, si, . . . , a„, s„) defined in i31\) 
are real valued for (ai, si, . . . , a„, s„) G where 

{{at, Si) e 8/3 xR, 
(ui+i ~ Qfi, Si+i - Si) e X^Vp, (34) 
Er=i'A. = 1, A, >0, 

wii/i Va := {(a, s) | |s| < a < ^ — |s|} C 5^ x R and i — 1, . . . ,n — I. 

Proof. Assume that the space-tmie points (cti, Si) and (ckj, Sj) are space-hke to 
each other for all choices oi i ^ j and «, j S {1, . . . , n}. Then, as a consequence 
of locality, all the field operators (pdoii, Si) commute (as quadratic forms) with 
each other and therefore w[?-*(q;i, Si, . . . , a„, s„) equals 

{^C,4>c{ai,Si) ■ ■ ■ 4>c{0ln,Sn)^c) = (f^C , 0C («« , Sn ) ' ' ' 0C («1 , Si )f^c) 



= Wj (ai,si, . . . , a„, s„). 

In other words, the tempered distributions V^^\ai, si, . . . , a„, s„) are real val- 
ued. Thus the lemma follows, once we have shown that the set J*^") consists of 
points, which are pairwise space-like to each other. 

A point (a, s) on the cylinder is space-like to the origin (0, 0) iff (a, s) G Vg. 
Space-likeness is a symmetric relation and therefore it suffices to prove that 
{ai, Si) is space-like to (a^, Sj) for i > j, i.e., 

(a-, , Sj) - (a^, Si) e Va for i > j. (35) 
Moreover, for < A < 1, 

Vxp = {ia,s)€W\ |a| + |s| < A/3}, 
with W the wedge {{a, s) e [0, (3) xR \ a > \s\}. The map n: [0, 27r) x R ^ R+, 

(a,s) |a| -I- \s\, 

defines a norm. Denote its restriction to the wedge W by n\w Equ. ([55)) now 
follows from the triangle inequality: 

n\w {{aj,Sj) - {ai,Si)) = n\w{{aj - a^^i, Sj - sj^i) + . . . 

. . . + (aj+i - ai, Si+i - Si)) 

< niwiiaj - aj^i,Sj - Sj^i)) + . . . 

• • ■ + n\wiicti+i - "i, Si+i - Si)) 

< A,_i/3 + A,_2/3 + ... + A,/3</3^Afc 

k=l 

and therefore (|34l) implies ([35]) . We note that the set of n points on the cylinder, 
which are space-like to each other, is actually larger than J^"). □ 
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Because the tempered distributions Wj^^(ai, si, . . . , a„, s„) defined in (|3ip 
are real valued for (ai, si, . . . , a„, s„) £ J^"-* , we can apply the Schwarz reflec- 
tion principle. The function 

>Vi"~^^(6 + im, ■ ■ • ,Cn-l + ifln-l) = - iVli ■ ■ • ,fn-l - iVn-l) 

^ n — 1 

- / TT dp, dEj e^i^.+^n^Xn-E,) m'c''\{pi, E^), (p„_i,i;„_i)). 

is analytic on (5^ x R + iV+) x • • • x (5^ x R + iV+) and polynomially bounded 
as rji \ 0. Since is a cone, x ... x is a cone (by definition). 
Applying the Edge-of-the- Wedge theorem HHJ Theorem 2-16], we conclude that 
there exists a complex neighbourhood of AiV/j x . . . x Xn-iVp and a function 

W^"~^^ defined and holomorphic inWU {Sp xR~iV+y'-^(J{Sfs xR+iV+)"'-'^ , 

which coincides with the restriction of the distributions W^^^^^ {£,1,^.2, ■■■ , Cn-i) 
defined in ((5^ to AiVg x . . . x An-iVg. In fact, by only partially reordering 
the fields (see the proof of Lemma 12. 9p and using the support properties of the 
Fourier transform stated in Theorem l2.81 we can extend into the regions 

{Sp X R =F iV+) X • • • X {Sf! X M =F Thus we arrive at the following result: 

Theorem 2.10. There exists of a function wjj holomorphic in 

:= U 2?("-i\ (36) 

which coincides with the restriction of the distributions 21j[^' ^''(^1,^2, • • • ,Cn-i) 
defined in i32\) to XiVp x . . . x A„_iV/3. Here J\f is a complex neighbourhood of 
AiV/3 X ... X A„_iV/3 and 

X'^""^) := (XiVp X ... X Xn-iVp) + i (y+ U y-) X . . . X (F+ U V") 

with Ai > and A^ = 1. (In fact, one can take the union over these Xj 's, 

j = 1, . . . ,n - Ij. 

3 The relativistic KMS condition for the P{(j))2 
model 

In order to explore Nelson symmetry in its most concise form, thermal Wight- 
man functions and their analytic continuations have to be defined rigorously. 
We proceed in several steps. Subsection 13.11 deals with analytic continuations 
of the Schwinger functions. The final two subsections deal with the boundary 
values of the analytic functions constructed in Subsection 13.11 

3.1 An application of the strong disk theorem 

In the previous section we have seen that the Wightman functions on the circle 
are the boundary values of a function Y\^'^ ^' holomorphic in the region C^''^^-* 
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(see p6p ). Now define, for > and J^'^i — 1^ ^ ^'^^ function 

^^n-i) f^_^^^^y^^ ^ _ ^ -ia„-i,yn-i) ■■= Wc""^-* (ai,-iyi, . . . , a„_i, -jy„_i), 

(37) 

or alternatively W^" := W^" o where ^ is the coordinate transfor- 
mation (zi,u;i, . . . ,z„_i,w„_i) (zzi, -iwi, . . . , iz„_i, -iw„_i) on C^(""i). 
Then W^""^' is analytic in the domain ((Q"U(3+)""i -iAi^/j x . . . x Xn-iVn) U 
SA/", where the right and left wedges are 

= {{T,y)eR^\±y>\T\}. 

Equ. p7p defines the thermal Wightman functions (as analytic functions) 

W^""^''(ti - t2,a;i - 2:2, . . . ,t„-i - i„,a;„_i - x„) 

for mutually space-like points {ti,Xi), i = Next apply the strong disk 

theorem (see [3] [4] [5] [47] ) to extend these function into their holomorphic en- 
velopes. For the convenience of the reader, the strong disk theorem is stated in 
Appendix A. 

Theorem 3.1. The thermal Wightman functions W^" introduced in \3T^ 
are analytic in the product of domains 

n-l 

(AiT^i) X ••• X (A„_ir^), rr-=^^-iVfi, = (38) 

and Xj>0,j — l,...,n — 1. In fact, one can take the union over these Xj 's. 

Proof Let Gj {Q- U Q+ - iXjVp) U Ilj{EU), j 1, . . . , n - 1, with Ilj the 
projection onto the j-th coordinate pair. Define maps W^"~^''^"' : Gj — ?> C, 

i'^j^Vj) ^ >V^"~^^(Ti,yi,- ■ . ,T„_i,?/„_i). (39) 

Since HjCEM) is an open set in containing the subset —iXjVi3 — XjEVg, 
the domain Gj contains, for every < 7^ < Xjf3 fixed, an open ball of radiuqj 
r{jj) > centered at 

Oj = (0 - i-fj ,0) eGj , < 7j < XjP. 

In order to appljQ the strong disk theorem, we fix two half- lines H^ijj), which 
start at Oj and lie entirely in Gj, by setting 

^^*(7,):={o,+r.(l,±2)|r>0}. 

^ Contrary to what was implicitly stated in |16| , the radius of the open ball depends on the 
value of 7j > 0. In fact, the radius r(7j) > has to shrink to zero as 7^ \, 0. Otherwise 
the edge of the wedge theorem would imply the existence of an open ball centred at the 
origin (which clearly would include both lightlike and timelike points) for which the function 
y\>p would be analytic. 

^Our argument is similar to the one used in !47;, p. 154] to prove Bochner's tube theorem. 
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For each r > fixed, the fine {(r, y) — i{jj,0) \ y £ R} intersects H^{jj) in the 
points (t, ±2r) — 1(7^,0). Since r{jj) > 0, the fine connecting these two points 
hes in Gj for r > sufficiently small. In fact, there exists a maximal t™*^'^ > 
such that for r e [0, r^"^''] 

Zj{t,1j) = {{r - iij.zr) e I e Cj(t,7j)} c G~ . 

The disks 

Dj{T,ij) {z G C I dist(z, [-2T,2r]) < min{7,, A,/3 - 7,}} 

depend continuously on r. Here dist(z, [— 2t, 2t]) denotes the distance of z e C 
from the line segment [— 2r, 2r], which lies on the real axis in the complex plane. 
The strong disk theorem (see Appendix A) implies that the function W^""^-"^'' 
extends to a new function (denoted by the same symbol), which is analytic in 
Uo<t<t"='=' Ij) consequently in an open neighbourhood containing this 

set. Thus there exists some maximal t™^'' > r™'^'^ such that W^"""'^'^-' is ana- 
lytic in the interior of ljQ^^<;^max Zj(T,^j) . The strong disk theorem can now 
be applied again, and iterating the procedure one ends up with an increasing 
sequence of positive numbers {r^^'^jngN. Now assume for the sake of contra- 
diction that this sequence converges to some positive real number. Then the 
strong disk theorem can immediately be applied again, falsifying the assump- 
tion that the sequence converges and in every step t™^'' was maximal. Thus 
the sequence of positive numbers {t™^''}„gn is divergent. By the same line of 
arguments one constructs a decreasing, divergent sequence of negative numbers 
{t™'" e R^}„gN- We can now repeat this argument for every < 7j < Aj/3. It 
follows that W^""^^^-'' is analytic in (R^ _ iX^V/s) U Hj(SA/') D - iXjV^, for 
each j = 1, . . . , n — 1 separately. Applying Hartogs' theorem [47l p. 30] one con- 
cludes that wjj""^-* is analytic in the domain (R^)"^^ — i {XiVp x . . . x A„_iya), 
which equals the open set described in (p8| . □ 



3.2 Products of sharp-time fields and their domains 

The open set Vg does not include the origin, and thus R^("^^) x {0} is not 



a subset of the open set described in (1381) . We will show that the boundary 
values of the analytic functions W^" as 3zj \, yield tempered distributions. 
In addition, we will ensure that these tempered distributions are indeed the 
Wightman distributions of the thermal field theory on the real line. 

The representation tt^ defined in Section [2.3l is a regular CCR representation 
(see [13]), and therefore one can define for h e 6*5^ (R) the Segal field operators 

Mh) ■■= -*^^/3 (e'^(0'^'')) [^^ . (40) 

While Stone's theorem is convenient to show that (t)f}{h) exists as a self-adjoint 
unbounded operator, it provides little control on the domain of (j)i3{h). In fact, 
a priori it is not even clear whether Q,p is an element of 'D{4)p{h)). We will need 
several steps to resolve these domain problems. 
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Lemma 3.2. 

(i) (Products of sharp-time fields). Let hi £ 5^(R) for i = f , . . . , j, j £ N, 
and Q < ai < . . . < aj < 13 . Then 



/i,)---^(ai,/ii) e fl LP{Q,^o,a,],dti), j£N. (4f) 

l<p<oo 



(ii) (Convergence of sharp-time Schwinger functions, Part II). Let hi G C^(M) 
and ai £ Sp, 1 < i < n. Then 



Um 



(Q;„,/i„)---0(ai,/ii) d^/ 



(a„,/i„)---(/>(ai,/ii) d/i. 



Proof, (i) Consider an approximation of the Dirac (5-function: 5k,{x) := kx{kx), 
with X a function in C^(]R) and J x{x) dx = 1. It has been shown in [15l 
Proposition 7.3] that 



hm 0(4(. -ai)®/i,) € Pi LP{Q,T,,dfi), hi £ Su 

/c— >-oo ' ' 

l<p<oo 



A=0 



For later purpose, we briefly recall the proof: 
/q((/'('5/c(. - a,) h,)y d^i 

= i-ir^ {nc , w^[-oo,+oo] (A(4( . - a,) (g> h,)) nc) 

where VF[a,b] (/) is a solution of the heat equation 

^W[a,b]if) = W[a,b]if){-Hc + ^<t>c{fb)), a<b, 

with the boundary condition W^[a,a](/) = 1 and with /b( . ) :— f{. ,b) £ 5r(S'^) 
for / £ Su{Sj3 X M). Now if / = Ski- ~ Q^i) ^ th^n the function f^ £ SR{Sfs) 
is equal to Sk{- — ai)hi{x). It follows from (j^ . i.e., estimate (5.9) in [TSl 
Proposition 5.4], that hi £ C^iM) implies 

±0c(4(- -ai)hi{x)) <c||4(. - ai)/ii(x)||^_i(_5^) (iJc + 1) 

<c|/i,;(x)|||4|la-i(S^)(-ffc + l)- 
Set rfc(x) := c|/ii(x)| ||i5fc|| jif-i(5^) and apply [T5] Lemma A. 8] to obtain 
dP 



dAP 



W^[-oo,+oo] (A (4( • - OL.i) ® hi)) 



< v\ 



(42) 



Since Sk{- — ai) converges to S{ . ~ ai) in H ^(5^) and hi £ C^{R) for i 

\(t){a.i,h^)\^ dn<oo. (43) 



1, . . . , j, we see that limfc^oo H^'fcHi < oo and limfe_^oo Ikfclloo < oo. Thus 
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Part (i) then follows from the Holder inequality 

J^\4'{aj,hj)---(l){ai,hi)\diJ,<Y[(^J^\(t){ai,hi)\^ d/x^ 

E[o, a] -nisasur ability follows from the fact that (a) for all k there is an (the 
Sk were chosen to have compact support) such that 

(l){Sk{- -ai)<g)hi) G Pi Lf(Q,S[o,a,+e.],dAt) 

l<p<oo 

and (b) the upper continuity of fi. 

(ii) Now let hi e CqmC^) ^^'^ ai € Sp, 1 < i <n. Part (ii) follows from 

lim / (j){an,h„)---(l){ai,hi)diii 



d" 

lim — (Qc , W[_a,a] (Er=i {Ski --ai)® hi)) ^c) 

Ac— >-oo UAi • • • CLAn 

>(a„,/i„)---0(ai,/ii) djj, , 



Ai=0 



Q 

for supp Sk{- — cti) ® /li C 5^ X [—a, a], i = 1, . . . ,n, as for s < —a < a <t the 
map {s,t) !->• (ric ,W[s_t]{.f)^c) is constant. □ 

The existence of products of sharp time fields in L^{Q, S,d/i) allows us to 
investigate their domains, taking advantage of their Euclidean heritage: 

Proposition 3.3. Let h, e C5°r(M), I < i < n. Then 

(i) e V{L) and = 0; 

(ii) If ai, . . . ,an > and J2^=i '^j — th.^n 

e-«"-i^0^(/i„_i) • • • e-«^^<A^(/ii)0^ e Vicp^ihn)) (44) 

and 

Mhn)e-""-'''Mhn-i) ■ ■ ■ c-"^^0^(/ii)O0 e I?(e-""^). (45) 
Moreover, the linear span of such vectors is dense in Hp and 
e-«"^<^^(/i„)e-«'-i^<^^(/i„_i) . . . e-«i^(A;3(/ii)n^ = 

= V(c/(a„, 0)(/.(0, /i„)[/(a„_i, 0),^(0, /i„_i) • • • U{ai,0)4>{0, hi) 
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(in) If0<ai<---<ak</3/2 and (3/2 < ak+i < ■■■<a„< /3, then 

« n 

e-"^^<^/3(/ii)e("^-"^)^0^(/i2) • • • e("''-i-"'=)^</.^(/ife)f]^) . (46) 

(iv) \\e-^fi/^^^cj)p{K) ■ ■ ■ cj)p{hi)^p\\ = \\cj)p{K)---cj)p{h^)np\\. 

Proof. Let us first note that formally results from differentiating the fol- 
lowing identity, which is a conequence of e*"^'*''''^^ G L°°((5, E{o}, dyit) for hi g 
C^(M) and the Osterwalder-Schrader reconstruction outlined in Section 2.3: 



« Tl 

/ rre''^("^'''^MAi = 

/ niuifi^O) W e-»'^(-".^''.)me*'^("^'''^)dAi 



g-aiLgi03(;ti)g(Qi-Q2)igi0^('i2) . . . g(afc-l-afc)igi</'/3('ifc)^^^ ^ 

for 1 < J < n, and < ai < • • • < ttfc < /3/2 and /3/2 < a^+i < . . . < a„ < 
However, we have to ensure that is well-defined. 

(i) See [31, Lemma 8.4]: 1 e Ma, thus fJ/j e and e^'^^Vlp = P(a)17^ = VLp 
as f/(a,0)l = 1 for < a < /3; 

(ii) The case n = 1, namely Q,p £1) {ipj3{hi)) and 

e-"i^0/3(/ii)17/3 e -H^ for < ai < l3/2 
was proven in [16]. In fact, 

e-"^^0/3(/il)f^;3eI?(0/3(/l2)), 

as (j){0, /i2) acts as a multiplication operator on 0(ai, hi) and 

'/>(0, h2)(f>{ai, hi) e 
by Lemma 1321 (i) ■ As P{a)'D^ C V^^a, it follows that 
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and (/)(0, /i3)(/)(a2, ^2)'^(ai +a2,/ii) G A^;3/2-qi-q2 implies 

Iterating this argument it follows that 

V{(l){ak,hk) ■ ■ ■ <p{ai + . . . + ak.hi)) e 2?/3/2-7, 

if ELi ttfc < 7 < /3/2. Thus dUl) and (gS]) follow. 
Next we prove that 

e-""^0;3(/i„)e-""-^^0/3(^n-i) . . . e-"i^(/.^(/ii)f7^ 

is dense in Hp for ai, . . . , a„ > and ^2^=1 '^j — Pl'^- Assume that for 
some eV.^, 

Vm,7ieN: (*>^(/re-''^/2^^(5)™r!^) =0. (47) 

(Note that (|17|) is well-defined as a consequence of Then 

^ e''^''(''')e-''^/2e**''(''^)f};3) = . (48) 

But vectors of the form e^'^^^'^'^e-'^^/^e^'^f ^''^^O^ are dense [30l Lemma 
8.4] in Hp, and therefore implies 4' = 0, establishing the claim. 

(iii) li < ai < ... < ak < P/2 and /3/2 < afc+i < . . . < q;„ < /3, then 
according to (ii) 

(e(""-/3)i0^(/i„)e("-i-"'.)^0^(;i„_i) . . . e("^+i-"'=+^)^0^(/ife+i)O/3 , 

e-"i^(/.^(/ii)e-("^-"i)^0^(/i2) . . . e-("'=^"^-i)^(/.^(/ife)r!^) 
is well-defined and equals 

(v{4>{l3 - an,hn) . . .(t){l3 - ak+i,hk+i)) ,V{4>{ak,hk) ■ ■ ■ 4'{ai,hi))^ = 



= /Qnj=i0("i,/ij) dpi. 

We made use of U{(3, 0) = 1, which holds by periodicity. 
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(iv) By (ii) we have (t)fi{K)(t)0{K^i) ■ ■ ■ (t>f}{hi)Vlp G V{e-P^/'^). Now 
\\e-P'^/^p{K)MK-i) ■ ■ ■ ^/3(fti)l^/^f = 
= ||V(C/(/3/2,O)0(O>„)---0(O,/ii))f 

= /q i7(/3/2,O)0(O,/i„)---</)(O,/ii) i? t/(/3/2, 0) 0(0, • • • (/)(0, hi) d^i 

= Jq ^{0,K)---4'{0,hi) (7(-/3/2, 0) R C/(/3/2, 0) 0(0, ft„) • • • 0(0, h^) 

= /q 0(0, /i„) • • • 0(0, /ii) i? C/(/3, 0) 0(0, /i„) • • • 0(0, hi) 

= ||V (0(0, ft„) • • • 0(0, hi))f = \\Mhn)^pihn-i) ■ ■ ■ Mhi)^p\\^ , 

again using C/(/3, 0) = 1. 

The extension of these resuhs to real times is our next objective. Given the 
self-adjoint operator 0^3 (/i), h e C5^(]R), set 

(l)p{t,h) ■=e''^<j>^{h)e'''^, t£R. 

The domain of the self-adjoint operator 0^(i, /i) is e**'^I?(0^(ft.)). That prod- 
ucts of field operators smeared out in time can be applied to the distinguished 
vector rip will be shown in the final subsection. 



3.3 Temperedness of the thermal Wightman distributions 



For a quantum system confined to a box, Ruelle [43] [44] has used a Holder 
inequality, which applies to the trace in the Gibbs state. It was pointed out by 
Frohlich [12 that this Holder inequality is crucial in the present context. 

Theorem 3.4 ([27 , Holder inequality). Letujp he a {t, 13)-KMS state over a 
von Neumann algebra TZ. Define for, p €N even and A G TZ^ , 



\\A\\p ■.= ujf;{ e'''^/PA- - -e''^^PA) ]i 



■itL/p 
p—times 



Let (zi, . . . , z„) e C" with < dizj, J^'Jl^ dizj < 1/2 and Ei=,„+i < 1/2; 
and let pj be the smallest, positive even integer such that ^ < mm{^Zj^i, ^Rzj}, 
with Zn+i — Zn and zq — zi. Then 

a;^(A„e^*"^^...Aie'*^^Mo)f,^^,,J < UoU ■ ■ ■ WAX. (49) 

for all Aq, . . . , An G 7?.^. (The subscript \ tj = izj indicates the analytic con- 
tinuation from tj to izj, j = 1, . . . , n.) 

Proof. The proof of this results relies on the theory of non-commutative L^- 
spaces and is given in [27]. □ 
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Note that because of the time-invariance of the KMS state, the r.h.s. in (|49l) 
does not depend on 5zi, i — 1, . . . ,n. 

Proposition 3.5. For < e < 1 fixed there exist constants ci,C2 > such that 
± <Pc{9) < ci (^^^(i?c + C2)^+^ (50) 

for allg € H-^-iiSp). 

Proof. Set Ho = dr(i/). It is sufficient to prove that 

Aig) = {Ho + l)--^-Hc{iy^^h)iHo + 1)"^^* 

is a bounded operator on Fock space, uniformly bounded for \\g\\2 < 1- The 
first order estimate (see, e.g., [HI Equ. (2.21)]) 

{Ha + 1) < C3{Hc + ca) for ca, C3 > 1 

and operator monotonicity of the map A 1-^ A" for < a < 1 (see, e.g., pSl 
Example 4.6.46]) then ensure the fractional 0-bound ([50]) . 

We now follow ideas of Rosen (see, e.g., 021 Proof of Lemma 6.2]). We 
show that A{g) is a bounded bilinear form in Fock space. The desired operator 
extension then follows from the Riesz representation theorem. It is sufhcient to 
show that, for \\g\\2 < 1, 

l(<i>,A(.9)vI/)l <C4||$1|- 11*11, 
for $, ^I^ arbitrary vectors on Fock space and C4 > a constant. Now (see ((27)) ') 

]($, A(.9)*)l < ^{\{{Ho + l)-i-i^,a*{iyig){Ho + 1)-^-*^-)] 

+ \{a*{i^ig){Ho + $, {Ho + l)-3-f *)]) . 

Since H^'^ commutes with the number operator, and both terms are of the same 
structure, it is sufficient to prove that for $„ G H^^^ and ^'n-i G ^' with 

ll*n|UI*«-l|| <1 



\{{H^^^ + l)-^-4$„,a*(^,fg)(ff(?) + l)-i-f *„_!) 

(0) 



< ||(n + l)-4$„|| . \\a*{iy2g){H'(^> + l)—^~^^>n^i\\ 

is uniformly bounded in n. For simplicity it is assumed that the mass to > 1, so 
that 1 < i'{kj); otherwise one is left with yet another n-independent constant. 
Now 

{n + l|<i>„l|2 \\a*{,^ig){H^°^ + l)--^-^^n-i\\^ 



<^\\-fnrmuKk- 

<||.g||^||<l>„|p||vl/„_i||2, 



(Ei#Sm)'-9(fcn)*„-l(fcl,fc2,. 



which establishes the claim. □ 
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The selfadjoint time zero field operators can be decomposed in positive and 
negative parts. We set (jipit, h) — (j)fs{t, h)+ — (f>i3{t, with </)^(t, > and 
(l)p{t,h)_ > 0. 

Lemma 3.6. For h g 5r(R) and p G N even the expressions 

|||/i|||p:=max{||0^(O»+||p, ||0/3(O, (51) 

are bounded from above by -(/pi - \h\s, for some Schwartz norm \ . \s. 

Proof Set 0(0, /i) = (l){0,h)+ - (/>(0,/i)_ with (f>{0,h)+ > and 0(0, > 0. 
We have V(0±(O,/i)) = <j)f;{0,h)±. Set 0±(a,/i) = [/(a, 0)0(0, /i)±, a e [0,/3). 
Then 



I = max<! / n^+f^,/^) dA*, / n0-( d^i 
•^Q fc=i VP/ fc^i 

< maxjy (0, /i)^ d/i , y (0, /i)^ d/i| . (52) 

In the first line we have used the definition of the norm || - ||p , in the second line 
we have used the Holder inequality for LP{Q, E, d/i) and translation invariance 
of d^. 

Since p G N is even and the supports of 0+(O, h) and 0-(O, h) are disjoint. 



0(O,/i)^d/i < / (j){0,h)l d^i+ 0(0, /i)^ d/i 

J supp 0(0, /i) -I- supp 0(O,/l) - 

0(0, hf d/x . (53) 

Taking advantage of the fractional 0-bound ([50|) we can apply [15', Lemma A. 7, 
p. 167], which states that there is a constant c' > such that 



d/j, e 



< e^'|s*^ril'-'=ll^ (54) 



for A e C, 7 = (i - e)-i, < e < 1/2 and 

rfc(x) c|/i(a;)| 11411^- , OO. 

The limit fc — > oo exists, as the Dirac (5-function is in all Sobolev spaces H"^ for 
q < —1/2. Denote r{x) := limfc^+oo »'fe(a;)- Applying Cauchy's formulc|^ on the 
circle of radius R centred around A G M yields 

0(0, /i)^ d/i <p!i?-fe'='-^^ll''ll-; . 

^Prom Prop. A6 (i) and Theorem 7.2 (i) it follows that the map \ ^ f A^i e'^'*(*fc®'') is 
entire. 
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Optimizing this bound w.r.t. R yields 

p/7 



J 0(O,/ird/i < p\ (^^) \\r\\P<pl\hfs- 



(55) 



Here we have used suppgpj ypj < °o ^^d the fact that 

1/7 



can be estimated by a Schwartz semi-norm if h G 5(M) and 7 > 2. Combin- 
ing ([55]) and ([55]) we arrive at 

which establishes the lemma. □ 



Remark 3.7. Using the (j)-bound i28\) one can use the equation preceding U5\ 
Equ. (A. 9), p. 165] to arrive at Frdhlich's bound 

stated (for the special case g = ]l[o,i] a characteristic function) in fT^, Equ. (7)]. 
However, using only this bound, we were unable to establish the existence of the 
products estimated in Lemma ] 3. 6[ 



Theorem 3.8. The thermal Wightman functions 

211^""^^ {ti - t2, Xi ~ X2, ■ . ■ ,tn-l - tn, Xn-l - X„) 

are tempered distributions, which 

(i) are the boundary values of functions W^" analytic in the interior of the 
product of domains 

(AiT^j) X ••• X (A„_ir^), Tp:=^^-iVp, 

where Aj > 0, i = 1, . . . , n — 1 and = 1/ 

(ii) satisfy the KMS boundary condition: set s^ = tk—tk+i andyk — Xk—Xk+i, 
I < k < n. In addition, set s„ = i„ — ti and y„ — y-n — Vi- Then 

2ir^""^^ (si, yi, . . . , Sk-i,yk-i,Sk - ?/3, y^, ■ ■ ■ , s„_i, y„_i) = 
= QU^""^' (sfe, ?/fe, . . . , s„, y„, si, yi, . . . , 5/0-2,^^-2) 

(56) 

for all (si,yi...,s„_i,y„_i) eR^^""^). 
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Proof. We start by proving that the thermal Wightman functions are tempered 
distributions. Let {(j)i{t,h) S 7?,;3}^gN be a sequence of self-adjoint, analytic 
elements approximating 4>j3{t,h) in the strong topology. Denote the positive 
and negative parts of (j)e{t,h) by (j)e{t,h)±. Then ([^5)1 implies, for < a„ < 
. . . < tti < P, i = 1, . . . , n, that each of the 2" terms arising from the linear 
polar decomposition can be estimated by 

lim |w^(r(iQj)(0<>^(ii, ft.i)±) • • • T(ja„) (t„, /i„)±)) I 

r_i — >00 

< 110/3(^1, /ll)±||pi(ai) • • • |!0/3(in, ^n)±llp„(Q„) 

< — ^ ^ Ihils ■ ■ ■ \hn\s : (57) 

with Pi = Pi{ai) the smallest even integer such that 

1 1 • r 1-1 

< - mm{ai+i - , - aj^ij , i = 1, . . . , n . 



(Setting ao = f3 — an and a„+i = f3 — ai.) In the second but last inequality 
in ([57)) we have used Lemma 13.61 to conclude that for p sufficiently largqj 

\\Mt^h)±\\p = \\Mo,hh\\p < \\\h\\\p < ^.-ihis < I • \h\s . 

We will now show, following ideas in [40j p. 24], that this bound ensures that 
the boundary values exist as tempered distributions as ai \ 0: let t = {ti — 
t2, ■ ■ ■ , tn-i — tn) and a = {ai — a2, ■ ■ ■ , ctn-i — «„), and set 

W{t-ia):= lim w/3(T(iQ^)(0£i (ii, /ii)) • • • T(i„^)((/)£„(i„, /i„))) . 

ii — ^OO 

Now define, for A G (0, 1] fixed, a tempered distribution T„(A) G 5'(M""^) by 
r„(A)(g) := / dtW{t-i\a)g{t) , g e S{R''-^) . 

Let T^\\), A; = 1, 2, . . ., denote the fc-th distributional derivatives 

4'^ = ^ W{t ~ i\a) [la ■ |) g{t) . (58) 

Thus, by the fundamental theorem of calculus, 

fc-i 

T^(A) = T^(1) + ^Q,(A)4-')(1) 

dAfe / dAfc^i--- / dAirW(Ai) . (59) 



"Recall that p! < (p/2)P for p > 
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The Qj's in ([5^ are suitable polynomials. The limit A J, in ([5^ can be taken, 
provided that 



lim 



dAi 



dAfe_i 



dAiTW(Ai; 



< oo . 



(60) 



This is done by estimating T^\x) as given in ([55)) for A € (0, 1]: choose some 
TO e N large enough so that /g„_i dt{l + 1^1)"" < oo. Then, for A G (0, 1], 



Ti{X)i9) = C sup |(l + |t|: 



d_ 

dt 



git) 



X _pi(Aai) • • -pniXan) ■ \hi\s ■ ■ ■ \hn\s 

(61) 

Note that 





< c- 


A-", 


C, C" > . 










lim 


[ dXk [ 


dAfe_i • 


• / dAi Ar" 






J\2 



< oo 



(62) 



for k sufficiently large, i.e., k > n + 2. Combining (|60l). ([6T|). and (|62|) one 
concludes that the limit of T„(A) exists as A | and that each term in the 
limit is less than or equal to a constant times an iS(R"~^)-seminorm of g. Thus 
W(s — ia) converges in iS'(M"~^) as a J, to a tempered distribution, which we 
denote by W^"''(ti, /ii, ^2, /i2, ■ • .,tn,hn). 

Translation invariance implies that W^"-* depends only on the relative coor- 
dinates or more precisely, that there exits, as we have just seen, a tempered 
distribution 2Ujj" such that 



wi"-'(ti,xi,i2,a;2, ■ . ■ ,i 



(n-l) 



X2, ■ 



The analyticity property stated in (i) equal those stated in Theorem 13.11 
The KMS boundary condition follows by differentiating (see (|40p ) the boundary 
condition of the corresponding Weyl operators given in (j26l) . □ 
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A The Strong Disk Theorem 

The strong disk theorem is attributed to Bremermann (see also [5]). For the 
convenience of the reader we recall the following version of this result from [47l 
p. 151]. 
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Theorem A.l. Consider a Jordan curve in C" ^ of the form 

{Z2{t), Zn{t)) = {Z2{0), Zn{0)) + X{t) ■ (62, . . . , 6„), < i < 1, 

where (62, . . . , 6„) G C"~-^ and X{t) G M with A(0) = 0. Suppose also that the 
family of domains D{t) 3 zi, < t < 1, possess the property that for every 
compact set K C -D(O), there exists a number rj = r]{K) € (0, 1] such that 
K c D{t) for allt in [0,r?). 

If the function f{z) is holomorphic at all points of the disks 

{{zi, Z2{t), zn{t)) e C" I ^1 e D{t)}, < i < 1, 

and at least at one point of the limit disk 

{(zi,Z2(0),...,z„(0)eC"|ziGZ?(0)}, 

then this function is holomorphic at all points of the limit disk. 
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